RECOGNISING ACHIEVEMENT

OXFORD CAMBRIDGE AND RSA EXAMINATIONS
Sixth Term Examination Papers
administered on behalf of the Cambridge Colleges

MATHEMATICS I 9475
Wednesday 30 JUNE 2004 Afternoon 3 hours

Additional materials:
Answer paper
Graph paper
Formulae booklet

Candidates may not use electronic calculators

TIME 3 hours

INSTRUCTIONS TO CANDIDATES

e Write your name, Centre number and candidate number in the spaces on the answer paper/
answer booklet.

e Begin each answer on a new page.

INFORMATION FOR CANDIDATES

e Each question is marked out of 20. There is no restriction of choice.
e You will be assessed on the six questions for which you gain the highest marks.

e You are advised to concentrate on no more than six questions. Little credit will be given to
fragmentary answers.

e You are provided with Mathematical Formulae and Tables.
e Electronic calculators are not permitted.

This question paper consists of 8 printed pages.

SP (SLM) S73857/1
© OCR 2004 Registered Charity Number: 1066969 [Turn over



2

Section A: Pure Mathematics

Show that

a sinh z 1 V2cosha — 1 1 V2+1
fdl‘: ln + III
o 2cosh?z —1 22 V2cosha + 1 2v2 V2 -1

/“ coshz
'—'——T’T'dx.
o 1+ 2sinh“z

and find

Hence show that

/OO cosh:v-sinh:cd T 1 | V2+1
—_—dx = — n .
o 1+42sinh’z 2V/2 22 V2-1

By substituting u = €% in this result, or otherwise, find

The equation of a curve is y = f(z) where

16 (22 + 1)*

(i) Write down the equations of the vertical and oblique asymptotes to the curve and show
that the oblique asymptote is a tangent to the curve.

(i) Show that the equation f(z) = 0 has a double root.

(il1)  Sketch the curve.
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Given that f”(z) > 0 when a < = < b, explain with the aid of a sketch why

(b—a)f(a;—b> </abf(m)dx<(b—a)&l—g—f<—b).

By choosing suitable a, b and f(z), show that

4 < 1
(2n-1)2 n-1

where n 1s an integer greater than 1.

41—#1—!-1 <1<1+1 ! 1+
32 52 72 2 32 42 '

Deduce that

Show that
11+1+1+1+ <1+1+1+
2\32 42 52 62 32 52 72

and hence show that

l\DIC.O
n-bl\l

|
<<

The triangle OAB is isosceles, with OA = OB and angle AOB = 2a where 0 < o < 5. The
semi-circle Cy has its centre at the midpoint of the base AB of the triangle, and the sides OA
and OB of the triangle are both tangent to the semi-circle. C1, Cq, Cs, ... are circles such that
C,, is tangent to C,,_; and to sides OA and OB of the triangle.

Let 7, be the radius of C,,. Show that

Thi1 1 —sina

rn  l+sina’
Let S be the total area of the semi-circle Cy and the circles Cy, Co, Cgs, ... . Show that
1 +sin®a

S = e 1 .
4 sin ¢ 0

Show that there are values of a for which S is more than four fifths of the area of triangle OAB.
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Show that if cos(z — ) = cos 8 then either tanz = tan(a + ) or tanz = tan(a — ). By
choosing suitable values of z, @ and 3, give an example to show that if tanz = tan(a + g),
then cos(z — a) need not equal cos 3.

Let w be the acute angle such that tanw = % .

(i)  For 0 < z < 2m, solve the equation
cosxz — 7sinz =5
giving both solutions in terms of w.
(i) For 0 < z < 2w, solve the equation
2cosz + 1lsinz = 10

showing that one solution is twice the other and giving both in terms of w.

Given a sequence wg, wi, wa, ..., the sequence [y, Fy, ... is defined by
F, = wi + w%_l — dwp Wy 1 -
Show that F,, — F,_1 = (wy, — wp—2) (wy + wp_o —4wp_y) forn > 2.
(1) The sequence ug, u1, ug, ... has up = 1, and u; = 2 and satisfies
Up = dUup_1 — Un—2 (N =2).
Prove that u% + u%_l =4upty1 — 3 forn>1.
(i) A sequence vy, v1, vg, ... has vg = 1 and satisfies
v% + vi,l =4vvp—1 —3 (n>1). (%)

(a) Find v; and prove that, for each n > 2, either v, = 4v,..1 — Vp—2 Or vy, = Vp_2.

(b) Show that the sequence, with period 2, defined by

1 for n even
o, =
2 for n odd

satisfies (x).

(c) Find a sequence v, with period 4 which has vg = 1, and satisfies ().
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Forn=1,23,...,let

1 tTL—l
I, = ——dt.
" /0 (t+1)"

t
By considering the greatest value taken by P} for 0 <t < 1 show that I, < %In.
1
Show also that I,y = ———+ 1.
n 2"

1
Deduce that In < W .

Prove that

n

1
IHQZZW_*_ITL"H

r=1

and hence show that —?; <1In2 < % .

Show that if 4 ()
Y gl\z

¥ o\r/
i (x)y + ”

then the substitution u = y? gives a linear differential equation for u(z).

Hence or otherwise solve the differential equation

dz

dy _y_1
T

Determine the solution curves of this equation which pass through (1,1), (2,2) and (4,4)
and sketch graphs of all three curves on the same axes.
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Section B: Mechanics

A circular hoop of radius a is free to rotate about a fixed horizontal axis passing through
a point P on its circumference. The plane of the hoop is perpendicular to this axis. The
hoop hangs in equilibrium with its centre, O, vertically below P. The point A on the hoop is
vertically below O, so that POA is a diameter of the hoop.

A mouse M runs at constant speed u round the rough inner surface of the lower part of the
hoop. Show that the mouse can choose its speed so that the hoop remains in equilibrium with
diameter PO A vertical.

Describe what happens to the hoop when the mouse passes the point at which angle AOM =
2 arctan u, where 4 is the coeflicient of friction between mouse and hoop.

A particle P of mass m is attached to points A and B, where A is a distance 9a vertically
above B, by elastic strings, each of which has modulus of elasticity 6mg. The string AP has
natural length 6a and the string BP has natural length 2a. Let  be the distance AP.

The system is released from rest with P on the vertical line AB and z = 6a. Show that the

4
acceleration Z of P is ——g—(7a —z) for 6a < z < 7a and g(7a —z) for Ta < z < 9a.
a Q

Find the time taken for the particle to reach B.

Particles P, of mass 2, and (), of mass 1, move along a line. Their distances from a fixed point
are z1 and z9, respectively where z9 > z7. Each particle is subject to a repulsive force from

the other of magnitude pl where 2 = 9 — 27 .

Initially, z1 = 0, 29 = 1, @ is at rest and P moves towards ) with speed 1. Show that z obeys
2

th . d<z 3
e equation — = —.
4 dtz 23

2

d d d
By first writing a—t—g = vd—v , where v = d-i , show that z = V4t? — 2t + 1.
z

By considering the equation satisfied by 2z; + z9, find z; and z2 in terms of ¢.
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Section C: Probability and Statistics

A team of m players, numbered from 1 to m, puts on a set of a m shirts, similarly numbered
from 1 to m. The players change in a hurry, so that the shirts are assigned to them randomly,
one to each player.

Let C; be the random variable that takes the value 1 if player ¢ is wearing shirt ¢, and 0
otherwise. Show that E[Cy] = L and find Var [C;] and Cov [Cy, C3].

Let N =Cy+ Cy+ -+ Cp, be the random variable whose value is the number of players
who are wearing the correct shirt. Show that E[N] = Var [N] = 1.

Explain why a Normal approximation to IV is not likely to be appropriate for any m, but that
a Poisson approximation might be reasonable.

In the case m = 4, find, by listing equally likely possibilities or otherwise, the probability that
no player is wearing the correct shirt and verify that an appropriate Poisson approximation
to N gives this probability with a relative error of about 2%. [Use e = 21"7626 i

A men’s endurance competition has an unlimited number of rounds. In each round, a com-
petitor has, independently, a probability p of making it through the round; otherwise, he
fails the round. Once a competitor fails a round, he drops out of the competition; before he
drops out, he takes part in every round. The grand prize is awarded to any competitor who
makes it through a round which all the other remaining competitors fail; if all the remaining
competitors fail at the same round the grand prize is not awarded.

If the competition begins with three competitors, find the probability that:

(i) all three drop out in the same round;
(ii) two of them drop out in round r (with 7 > 2) and the third in an earlier round;

(iii) the grand prize is awarded.
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In this question, ®(z) is the cumulative distribution function of a standard normal random
variable.

A random variable is known to have a Normal distribution with mean u and standard deviation
either og or o1, where 0yp < o;. The mean, X, of a random sample of n values of X is to be
used to test the hypothesis Hy : ¢ = 0¢ against the alternative H; : 0 = 0 .

Explain carefully why it is appropriate to use a two sided test of the form: accept Hg if
p—c< X < pu+c, otherwise accept Hj.

Given that the probability of accepting H; when Hy is true is ¢, determine c¢ in terms of n, oy

and z,, where z, is defined by ®(z,) =1 — 5

The probability of accepting Hy when H; is true is denoted by 5. Show that § is independent
of n.

Given that ®(1.960) =~ 0.975 and that ®(0.063) =~ 0.525, determine, approximately, the

minimum value of 7! if @ and B are both to be less than 0.05.
0o
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